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Abstract. In quantum mechanics without application of any superselection rule to
the set of the observables, a closed quantum system temporally evolves unitarily, and
this Lorentzian regime is characterized by von Neumann entropy of exactly zero. In
the holographic theory in the classicalized ground state, we argue that the unitary real-
time evolution of a non-relativistic free particle with complex-valued quantum proba-
bility amplitude in this Lorentzian regime can be temporally analytically continued to
an imaginary-time classical stochastic process with real-valued conditional probability
density in the Euclidean regime, where the von Neumann entropy of the classicalized
hologram and the information of a particle trajectory acquired by the classicalized holo-
gram are positive valued. This argument could shed light on the Euclidean regime of
the holographic Universe.
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1 Introduction

In the framework of quantum mechanics [1, 2], physical phenomena always require a quantum
measuring system, which is the subject of describing them. In this framework, unitary real-
time evolution of the density matrix of a quantum system, which is purely governed by the
von Neumann equation, is not substantiated to exist because unitarity means that there are
no quantum measuring systems that measure it. However, in the Universe, the spacetime
domain, where the quantum measuring systems exist, is extraordinarily rare. Does this
mean that the particles in the spacetime domain, where no quantum measuring systems
exist, are not substantiated to exist?

In this article, we approach this fundamental question in quantum mechanics from the
perspective of the holographic principle [3, 4, 5].

For non-holographic theories, three points are relevant to this question:

(i) The theories are fundamentally formulated in real time (i.e., in the Lorentzian regime).

(ii) Non-holographic spacetime is simply the domain, upon which wave functions of par-
ticles are defined.

(iii) In these theories, the state vector of a particle is introduced independently from the
concept of space.
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In contrast to the non-holographic theories, we invoke the holographic principle [3, 4, 5,
6, 7] in the framework of the classicalized holographic tensor network of the ground state of
a strongly coupled two-dimensional boundary conformal field theory, which was advocated
by the present author in Refs. [8, 9, 10]. In the holographic theory, the state vector of a non-
relativistic free particle in the bulk spacetime is introduced from the bulk concept of space,
which is a highly mixed quantum state after classicalization of the holographic tensor network
[10]. In this theory, we argue that the unitary real-time evolution of a non-relativistic free
particle with complex-valued quantum probability amplitude in the Lorentzian regime can
be temporally analytically continued to an imaginary-time classical stochastic process with
real-valued conditional probability density in the Euclidean regime, where the classicalized
hologram, H, on the boundary spacetime is the quantum measuring system. Specifically,
in the holographic theory, non-relativistic free particles in the bulk spacetime are always
substantiated to exist as quantum mechanical events occurring with real- or imaginary-time
evolution.

The rest of this article is organized as follows. In Sec. 2, we give preliminaries on the
ensemble interpretation of quantum mechanics and the orbital superselection rule. In Sec.
3, we present a quantitative scheme for real-time evolution of a measured system in the
non-holographic theory using the von Neumann entropy and the information gain. In Sec.
4, we revise this quantitative scheme for a non-relativistic free particle in the holographic
theory and resolve the question above. In Sec. 5, we summarize the overall arguments and
conclude the article.

2 Preliminaries

2.1 Ensemble interpretation

In the ensemble interpretation of quantum mechanics, we reinterpret the probability, which
appears in the Born rule in the projective quantum measurement of a discrete observable in
a quantum system, as the statistical weight in an ensemble of copies of the quantum system
with their state vectors [2]. Here, we use the term ensemble with the same meaning as the
term state.

In this language, a pure ensemble means an ensemble of copies of the quantum system
with the same state vector, and a non-trivial mized ensemble means an ensemble of copies of
the quantum system with at least two distinct state vectors. When we refer to an ensemble
as the classical ensemble with respect to a discrete observable O, the state vectors in the
ensemble are eigenstates of O.

In the ensemble interpretation, the projective quantum measurement of a discrete observ-
able O in a quantum system consists of two sequential steps:

(I) The dynamical process (called decoherence) from a given quantum pure ensemble to
the classical mixed ensemble with respect to O.

(IT) The informatical process from the classical mixed ensemble obtained by step (I) to a
classical pure ensemble.

In the case of a coherent initial pure ensemble with respect to @, we refer to step
(I) as non-selective measurement and to step (II) as the subsequent event reading.' The
non-selective measurement generates a positive-valued von Neumann entropy, Sy .n., of the

Hntuitively, the term non-selective measurement means that, after only this dynamical process, events
are in a statistical mixture and no particular event is yet singled out.



Quantum Measuring Systems: Considerations from the Holographic Principle 33

measured system, and the event-reading system (the quantum measuring system) acquires
positive-valued information, 1.

2.2 Orbital superselection rule

The superselection rule is restriction of the complete set of the observables to the subset of the
observables which commute with a given superselection operator [11, 12]. In this subsection,
we explain the orbital superselection rule, which was introduced by von Neumann in Ref.
[1].

Consider a macroscopic quantum mechanical system A (the measurement apparatus)
with center of mass orbital observables.

The complete set, O, of the center of mass orbital observables of system A is generated

by the center of mass position variables @‘1 (a=1,...,d) and the total momentum variables
P® of A, which satisfy the canonical commutation relation:
[Q7, P = ihday, - (1)

From this commutation relation, @“ and P? cannot be simultaneously measured and have
no simultaneous eigenstates.

However, by imposing the orbital superselection rule on the complete set O, we can
redefine Q¢ and P® as Q% and P, respectively, such that

AQ AP = h (2)

holds for the constant widths (not the quantum mechanical uncertainties) AQ® and AP*
in the discretized spectra of Q% and P¢, respectively, and

(9, P"] =0 (3)

holds. This commutativity means that Q% and PP can be simultaneously measured and have
simultaneous eigenstates. The validity of this redefinition is attributable to the theorem of
the complete orthonormality of the full set of their simultaneous eigenfunctions proved by
von Neumann in Ref. [1].

This orbital superselection rule is attributable to the macroscopicity of the measurement
apparatus A, which interacts with a microscopic quantum mechanical measured system Sy,
and the resultant quantum state of A is automatically a classical mixed state of Planck cells
{h4} (here, d is the spatial dimensions) in the p-space of the center of mass of A.

Because of the orbital superselection rule giving (2) and (3) of A, the non-selective mea-
surement in the combined system S = Sy + A can be performed by the dominant von
Neumann-type interaction [1] between Sy and A, and then positive-valued von Neumann
entropy Sy.N. of Sy is generated. Namely, the source of information I of Sy, which can be
acquired by a quantum measuring system M, is generated after this non-selective measure-
ment in S.

Here, we do not describe the details of the realizable processes of the non-selective mea-
surement in .S and the readout of a single event from the mixture of events by M. For these
details, see Refs. [13, 14] and Ref. [15], respectively, and the references therein.

3 Non-holographic theory

The von Neumann entropy Sy.n. measures the lost information in a quantum mixed state.
This entropy characterizes the unitary real-time evolution of a quantum system as

5,5, Nn. =0 (4)
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for real time ¢ and characterizes the quantum pure state as
Sen.=0. (5)

If the condition (5) identically holds temporally, the condition (4) follows from it.
In the non-holographic theory, the quantitative schematic of real-time evolution of a
measured system Sy is

—SN=0,I=0—>S,nN>0,1>0——-=S,n=0,1T=0——s--- .
(6)

As mentioned above, in the presence of the orbital superselection rule due to the macro-
scopicity of the measurement apparatus A, the phase, where the von Neumann entropy of
the measured system Sy is positive valued, can appear (i.e., Sy.N. > 0 and I > 0).

Note that this positive-valued von Neumann entropy of the measured system Sy means
that its quantum state is a statistical mixture of quantum mechanical events: the event in
the mixture of events is already determined by the dynamical process, but it is not yet read
out by the quantum measuring system M.

On the other hand, the phase where the von Neumann entropy of the measured system
So is exactly zero (i.e., Sy.n. = 0 and I = 0) is not substantiated to exist in the framework
of quantum mechanics.

4 Holographic theory: classicalized ground state

The next argument (7) in the holographic theory shows the difference between the holo-
graphic theory and the non-holographic theory in d = 2.

By restricting the set of the qubits observables in the boundary conformal field theory (a
strongly coupled one-dimensional quantum many-body system at a quantum critical point)
from the complete set O to the Abelian subset A obtained by a superselection rule (here, the
superselection operator is the one-qubit third Pauli matrix [10]), the von Neumann entropy
of the ground state of the conformal field theory |)cpr with a negative Casimir energy [16]
in bits is

Svn[(l¥)err, A)] = Arx (7)

for the discretized area Ay of the holographic tensor network (the multi-scale entanglement
renormalization ansatz [17, 18]) of the ground state |¢)cpr. (Of course, Sy n.[(|¥)crr, O)] =
Sy.N.[[¥)crT] is zero.) This formula was derived by the present author in Ref. [9], and its
roots come from the Ryu-Takayanagi formula for the holographic entanglement entropy
[19, 20], which corroborates the holographic tensor network in the bulk space [21, 22]. This
formula (7) means that, per site in the classicalized holographic tensor network, there is a
locally defined statistical mixture of one spin degree of freedom with entropy of 1 bit.

From this classical mixed state (|¢))crT,A), the classical stochastic process of a non-
relativistic free particle in the bulk spacetime [23, 24] is derived in the imaginary time as
the readout processes of spin events (i.e., spin eigenstates), which are locally defined at their
sites in the classicalized holographic tensor network.

Since the classicalized spin has the action % [9], there are I = Sg/hb spin events that are
read out from the classicalized holographic tensor network for the bit factor b = In2 and
an off-shell value of the non-relativistic Euclidean action Sg of a free particle in the bulk
spacetime. This argument was made by the present author in Ref. [10].
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In the holographic theory (7), the quantitative schematic of the time evolution (6) in the
non-holographic theory changes drastically for a non-relativistic free particle as

oo = > v.N.:OaI:0777>SV.N.>07IZ()***"SV.N,:Ov120777>""
va.c_ / \ va_c_
SE SE
v =A 31:7 v..:A 71:7
Sy.N. TN b Sy.N TN b

(8)
Here, the Lorentzian phase, where the von Neumann entropy of the particle is exactly
zero, is analytically continued to the Euclidean phase, where the von Neumann entropy of
the classicalized hologram H and the information of a particle trajectory (not spin events)
acquired by the classicalized hologram H are positive valued.
Here, the analytic continuation (a.c.) is performed from ¢ (i.e., the Lorentzian regime)
to —i7 (i.e., the Euclidean regime) and means the change

a.c. SE
= > I = -_—
SV.N. 0 Bb ) (9)

where the complex-valued quantum probability amplitude on the left-hand side is mapped
to the real-valued conditional probability density on the right-hand side [10].

Real time ¢ and imaginary time 7 are independent from (i.e., orthogonal to) each other
in the sense that a non-zero real-time increment ¢t in the Lorentzian regime never induces
a non-zero imaginary-time increment §7 in the Euclidean regime, and vice versa. Namely,
the choice of a regime is alternative. However, the unitary real-time evolution of a non-
relativistic free particle can be mapped to the imaginary-time classical stochastic process by
the Wick rotation, and vice versa [10].

In the absence of interactions between non-relativistic particles in the bulk spacetime,
the additivity of the action in analytical mechanics means that the total information of spin
events Iio¢ in bits acquired by the classicalized hologram H on the boundary spacetime as
the only quantum measuring system in the Euclidean regime is given by the sum of off-
shell values of the non-relativistic Euclidean actions {SI(E")} of the free particles in the bulk
spacetime divided by hb:

S
hb

n

Itot =

(10)

where the index n labels each free particle.

5 Conclusion

In quantum mechanics without application of any superselection rule to the set of the observ-
ables, a closed quantum system evolves unitarily, and this Lorentzian regime is characterized
by von Neumann entropy of exactly zero.

In the non-holographic theory, a quantitative scheme for real-time evolution of a mea-
sured system is given by Eq. (6), and the system is not substantiated to exist in this
Lorentzian regime.

On the other hand, in the holographic theory in the classicalized ground state, we argued
that the unitary real-time evolution of a non-relativistic free particle with complex-valued
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quantum probability amplitude in this Lorentzian regime can be temporally analytically con-
tinued to an imaginary-time classical stochastic process with real-valued conditional proba-
bility density in the Euclidean regime, where the von Neumann entropy of the classicalized
hologram H and the information of a particle trajectory acquired by the classicalized holo-
gram H are positive valued.

The overall arguments are summarized in Fig. 1.

Figure 1: Schematic of the quantum measurement processes in the holographic theory in the
classicalized ground state. The blue arrows represent the quantum measurement process by
the quantum measuring system H on the boundary spacetime in the Euclidean regime, and
the red arrows represent the quantum measurement process by ¢ quantum measuring system
M in the bulk spacetime in the Lorentzian regime. In the gray domains, the Euclidean regime
(a classical stochastic process) and the Lorentzian regime (unitary quantum mechanics) of
a non-relativistic free particle in the bulk spacetime are dual to each other by the Wick
rotation. During ¢; < ¢ < ¢y, one or more non-unitary quantum measurements are performed
by a quantum measuring system M in the bulk spacetime in the Lorentzian regime, and
no dual Euclidean regime exists. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

In conclusion, in the holographic theory in the classicalized ground state, a non-relativistic
free particle in the bulk spacetime is always substantiated to exist as quantum mechanical
events occurring with real- or imaginary-time evolution by the quantum measuring systems;
in the Euclidean regime, the classicalized hologram H on the boundary spacetime is the only
quantum measuring system.
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